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Abstract The literature characterizes cartilaginous tissues
as osmoviscoelastic. Understanding the damage and fail-
ure of these tissues is essential for designing treatments. To
determine tissue strength and local stresses, experimental
studies—both clinical and animal—are generally supported
by computational studies. Verification methods for compu-
tational studies of ionized porous media including cracks
are hardly available. This study provides a method for veri-
fication and shows its performance. For this purpose, shear
loading of a finite crack is addressed analytically and through
a commercial finite element code. Impulsive shear loading
by two-edge dislocation of a crack was considered in a 2D
plane strain model for an ionized porous medium. To derive
the analytical solution, the system of equation is decoupled
by stress functions. The shear stress distribution at the plane
of the crack is derived using Fourier and Laplace transforma-
tions. The analytical solution for the shear stress distribution
is compared with computer simulations in ABAQUS ver-
sion 6.4-5. Decoupling of the equations makes it possible to
solve some boundary value problems in porous media tak-
ing chemical effects into account. The numerical calculations
underestimate the shear stress at the crack-tips. Mesh refine-
ment increases accuracy, but is still low in the neighborhood
of the crack-tips.
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Many diseases are associated with localized mechanical
failure and damage of tissues. Examples are cartilage dam-
age (Wilson et al. 2004) and intervertebral disk hernia-
tion (Wognum et al. 2006). To determine tissue strength
and local stresses, experimental studies (both clinical and
animal) are supported by computational studies. Numerical
methods have been developed to describe crack propagation
in porous media (Armero and Callari 1999; Schrefler et al.
2004; Rethore et al. 2007). Usually they are not verified
by analytical solutions. The verification is often restricted
to a qualitative comparison with experimental measure-
ments. However, two uncertainties are involved in this
comparison. One is whether the numerical model actually
solves the equation it claims to solve. The other is whether
the equation describes the physical reality of the experi-
ment. In order to test separately the former question, an
analytical solution is a must. One important property of
tissues is their swelling capacity. The presence of fixed
charges in the tissues causes differences in ion concentra-
tions with the surrounding fluid and therefore a Donnan-
osmotic pressure (Maroudas et al. 1991; Urban and Roberts
2003). Subsequently, the deformation of tissues depends
not only on mechanical factors, but also on biochemical
factors.
Osmotically swelling porous media have been modeled
by many groups. Lanir (1987) extended the Biot model
(Biot 1941) for incompressible constituents, namely the
solid matrix and interstitial fluid, by including Donnan-
osmotic pressure, but neglecting the influence of ion flow. Lai
et al. (1991) extended Lanir’s model to the triphasic theory
including ionic diffusion-convection. Huyghe and Janssen
(1999) developed an electrochemomechanical model using
four constituents. It has been implemented for finite
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deformations and verified for one-dimensional pressure tests
by Frijns et al. (1997). Gu et al. (1998) developed a multi-
ionic model. van Loon et al. (2003) implemented a 3D Finite
Element model of the quadriphasic model while Iatridis et al.
developed a closely related PEACE-model of the interverte-
bral disk (Iatridis et al. 2003). Chen et al. (2006) simulate
the curling behavior of cartilage using similar finite element
modeling of finite deformation mechano-electro-chemical
coupling. Meerveld et al. (2003) validated the quadripha-
sic model by analytical solutions. The confined and uncon-
fined compression tests are common validation tools. Wilson
et al. (2005a) compared the biphasic swelling model (Lanir
1987) with the quadriphasic model (Huyghe and Janssen
1997) and showed that the flow of ions indeed influences the
pathway to equilibrium with the external fluid. Although the
mechano-electro-chemical models are more realistic in tran-
sient behavior, Lanir’s model is a reliable approximation for
the modeling of ionized porous media, such as the inter-
vertebral disk (Schroeder et al. 2006). The last method is
less complex and computationally less expensive than the
former.
Some methods for validation have already been indicated
above; however, previous research has been restricted to
continuous media. There are hardly any methods for vali-
dation of computational efforts of fractured porous media.
Tests used in solid mechanics, like the three-point bending
test or analytical solutions from linear fracture mechanics,
are not suitable for porous media since the influence of
fluid flow is not accounted for. Crack-tip analysis and local-
ization in Atkinson and Craster (1991), Loret and Radi
(2001), and Larsson and Larsson (2000) have been top-
ics of interest, but only give local trends. Rice and Cleary
developed an analytical solution for earthquake (shear fault-
ing) predictions (Rice and Cleary 1976), which has shown
to predict aftershocks. Pure shearing mode of a crack is
considered, and special treatment of the crack is circum-
vented. Rice and Cleary’s method uses Biot functions (Biot
1956), which are similar to the Airy functions in solid linear
fracture mechanics. However, these functions can only be
applied when there is compressibility in the model. Booker
(1974) calculated the dimensionless stress field along a shear
fault for a fully saturated incompressible porous medium
by decoupling the equations with stress functions accord-
ing McNamee and Gibson (1960) (Verruijt 1971; Detournay
and Cheng 1993). Rice and Cleary (1976) showed that
both methods find the same result in the limiting case of
incompressibility. The objective of this study is to estab-
lish a 2D method to study the performance of computa-
tional modeling of ionized porous media with cracks, namely
an analytical solution suited for comparison with numerical
calculations. In particular, the method by Booker (Booker
1974; Nur and Booker 1972) is generalized to ionized porous
media.
2 Method
In this section, the model by Lanir (1987) is stated shortly.
A perturbation on a homogeneous situation is considered;
therefore, the constitutive equations are linearized. The case
of interest is given, after which the analytical solution is
derived and numerical calculations are presented.
2.1 Governing equations
Osmoelastic media have large negatively charged groups
attached to the solid matrix. Counter charges are present in
the fluid making the medium electrically neutral. Due to the
fixed charges, the total ion concentration inside the medium
is higher than in the surrounding fluid. This excess of ion par-
ticles leads to an osmotic pressure difference, which causes
swelling of the medium. Lanir’s osmoelastic model (Lanir
1987) assumes that small ions are always in equilibrium with
the external salt concentration. This means that ion contribu-
tion is neglected and the medium is described by two con-
stituents only: the solid (s) and the fluid (f). The constituents
are assumed to be incompressible. Infinitesimal deformations
are assumed. The material is linear elastic, isothermal, isotro-
pic, homogeneous and fully saturated. Osmotic swelling is
included by the introduction of the chemical potential of the
fluid, which is a measure for the free energy of the fluid. The
chemical potential of the fluid μf is defined per unit volume
fluid and will be denoted by chemical potential:
μf = p − π. (1)
with π the osmotic pressure and p the hydrostatic pressure.
The osmotic pressure is determined by the empirical Van ’t
Hoff equation. This relation defines the osmotic pressure in
terms of concentrations of free cations c+, anions c−, osmotic
coefficient , gas constant R and temperature T .
π = RT (c+ + c−), c+ + c− =
√
(c f c)2 + 4(cex )2 (2)
This osmotic pressure holds outside as well as inside the
medium, but outside the medium the fixed charge density c f c
is zero and the osmotic coefficient may be different. Electro-
neutrality holds, therefore, the amount of negative charges
are equal to the amount of positive charges: c− + c f c = c+.
Furthermore, the seepage flux q follows Darcy’s law in pres-
ence of concentration gradients. The total equations are given
by (3).
Momentum ∇ · σ = ∇ · σe − ∇(μf + π) = 0
Stress-strain σe = 2μ + λtr()I
Mass ∇ · ∂u
∂t + ∇ · q = 0
Darcy’s law q = −K · ∇μf
Swelling π = RT √(cfc)2 + 4(cex)2
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The parameters μ and λ = κ −2μ/3 are the Lamé constants.
ν, κ and μ are the Poisson’s ratio, bulk modulus and shear
modulus, respectively. The tensor K = K I is the hydraulic
permeability tensor and is assumed isotropic and constant in
time and space.
The presence of ions fixed to the solid matrix results in
prestress of the solid matrix at initial condition.  is the
strain tensor relative to the stress-free configuration, which
includes the initial strain i and the deformation  − i =
1/2
{∇u + (∇u)T } relative to the initial state. Similarly, the
fixed charge density is calculated from the fixed charge den-
sity at stress-free configuration cfc0 and initial volume fraction
φ
f
i . Under assumption of small strains, the swelling equation
is linearized around the initial strain.
π = π |i +
∂π
∂tr()
|i (tr() − tr(i ))














2 + 4(cex )2
cfci
(tr(i ) + φ fi )
(tr() − tr(i ))
(4)
with cfci the initial fixed charge density and is used to com-
pute the fixed charge density at stress-free state. For simplifi-
cation we introduce the constants C0 =
√(
cfci
)2 + 4 (cex)2,









in concentrations due to a unit volumetric strain. Then, the
osmotic pressure in terms of deformation becomes
π() = RT (C0 − tr( − i )C1). (5)
Subsequently, system (3) can be rewritten to
2μ∇2u + (c − 2μ)∇tr( − i ) − ∇μf = 0 (6)







with c = 2μ + λ + RT C1, μf = μf + RT C0.
2.2 Singularity case
A rectangular piece of material is considered with a crack
in the middle in the x, z-plane of length 2L . The crack is
closed. Fluid flow across the crack is allowed, by equating
the chemical potential at either side of the crack. Shear fault-
ing is impulsively induced as a small displacement enforced
on the upper and lower crack surface in opposite direction.
This is shown in Fig. 1. The result is a steep increase in shear
stress and fluid flow.
The upper crack surface is positioned at z = 0+ and the
lower crack surface at z = 0−. If we define u = (u, w)T as
Fig. 1 Two-edge dislocations of magnitude d over crack length 2L
the displacement field, we can define the jump over the crack
surface [u] as
[u] (x, t) = u(x, 0+, t) − u(x, 0−, t). (7)
Then the perturbation can mathematically be defined as
[u]= f (x)H(t)
f (x)=d(H(x + L) − H(x − L)) =
{
d if x ∈ [−L , L]
0 otherwise
(8)
Here, d denotes the magnitude of the dislocation and there-
fore the magnitude of the jump in shear direction. f (x) is
called the slip function, H is the Heaviside function. Since
the crack is closed there is no jump in displacement in





We are interested in the shear stress at the crack surfaces,
analytically and numerically.
3 Analytical solution
The model (6) is strongly coupled. For the derivation of the
analytical solution, decoupling of the total system of equa-
tions is needed. Following Booker (1974), the solution is
found using integral transformations of Laplace and Fourier.
3.1 Decoupling
The system (6) is decoupled by the introduction of stress
functions (McNamee and Gibson 1960). The stress func-
tion S(x, z, t) plays a role in the momentum equations and
E(x, z, t) a larger role in the mass equation (Appendix).
The stress function S(x, z, t) is harmonic, meaning
∇2S = 0 holds. The momentum equation is automatically
satisfied, if for the chemical potential the next holds:
μf = ctr() − 2μ∂S
∂z
. (9)
The second stress function E(x, z, t) is introduced such that
tr( − i ) = ∇2 E . (10)
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Substituting Eqs. (9) and (10) in Eq. (6) decouples the system





− cK∇4 E = 0.
The number of equations has not been reduced, but the
total system of equations, Eq. (11), has been rewritten to
decoupled partial differential equations, which are easier to
solve. A complete overview is found in “Appendix”.
3.2 Governing equations in Laplace–Fourier domain
Any function can be split up into an even and an odd portion.
McNamee and Gibson (1960) only consider symmetric load-
ing and therefore only use the symmetric part of Fourier trans-
forms. To be able to consider more general cases, general
Fourier and Laplace transformations are used (Booker 1974).
Fourier transforms carry a tilde and depend on variables k, z
and t . Laplace–Fourier transforms carry a hat and depend on
variables k, z and s. Since a shear crack in the x, z plane is
considered, the displacement jump will be over z = 0 in the
x direction, Fourier transformation along the crack is per-
formed, thus over the x direction (Appendix). The forward
Fourier transformation in x becomes
E˜(k, z, t) =
∞∫
−∞
E(x, z, t)e−ikx dx . (12)
Equivalently, the Laplace transformation is given by
Eˆ(k, z, s) =
∞∫
0
E˜(k, z, t)e−st dt. (13)
The result is a second-order ordinary differential equa-
tion (ODE) for Laplace–Fourier transform Sˆ of S and a
fourth-order ODE for Laplace–Fourier transform Eˆ of E .
The dependent and independent variables are written in terms
of the stress functions. From this, boundary conditions in
the form of jump conditions are derived. In total, the two

































































Previously the boundary value problem (BVP) in the
Laplace–Fourier domain has been derived. This BVP is
solved by splitting of the domain. The resulting solution
is transformed from the Laplace domain to normal time
domain. Since the interest lies in the shear stress around the
crack-tip, the equations are simplified by taking z = 0. Then,
back transformation from the Fourier domain to the normal
x, z domain is performed.
The inverse transform becomes (17).




E˜(k, z, t)e+ikx dk (17)
The inverse Laplace transformation is performed in “Appen-
dix” using Abramowitz and Stegun (1970).
3.3.1 Solution in Laplace–Fourier domain
The solutions in Laplace–Fourier domain are derived by split-
ting the domain in an upper plane (z > 0 : Sˆ+, Eˆ+) and lower
plane (z < 0 : Sˆ−, Eˆ−). Far from the crack the solution is
not affected by the jump, so the solution has to approach zero
for z → ±∞.
For stress function Sˆ, the general solution in the upper
plane is given by Sˆ+ = γ+e−|k|z and for lower plane Sˆ− =




= limz↓0 Sˆ − limz↑0 Sˆ
= Sˆ+(k, 0, s) − Sˆ−(k, 0, s) = γ+ − γ−. (18)
Through linear algebra, one derives that the solution of (14)
is given by
Sˆ(k, z, s) = −isign(k)
2s
f˜ (k)e−|k||z|. (19)
with sign(k) = k|k| . A similar solution of the mass Eq. (15)
is now determined and is given by
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3.4 Inverse transformation of the solution
The derived solutions are still in the Laplace–Fourier domain.
Back transformations have to be performed. The solutions
involve several terms dependent on Laplace variable s. The
stress function Sˆ contains only a factor 1/s, which becomes
the Heaviside function by back transformation. So the inverse
Laplace for stress function Sˆ is
S˜(k, z, t) = − isign(k)
2
f˜ (k)e−|k||z|H(t). (21)
The inverse Laplace of stress function Eˆ is more difficult. It







deriving the inverse of the latter term we need to perform
some mathematical manipulations, using the shift theorem
and convolution theorem (Appendix 7). The result is
































































The expression (23) simplifies to (24) for z = 0, i.e. along
the crack surface.





















Back transformation from Fourier domain is performed
using the repeated integrals of the complementary error
function (Appendix). Numerical Fourier integration is not
possible since the integrant does not go to zero for increas-
ing Fourier variable k. The shear stress is given by Eq. (25)
σxz(x, 0, t) = −2μ dH(t)
π(L2 − x2) {L − μK F(x, t)} . (25)
with









+ (L + x)
(L − x)2
(





The expansions (25) and (26) reduce to Eq. (16) of Booker
if we replace expression c = 2μ+λ+ RT C1 by c = 2μ+λ,
i.e. if we neglect osmotic effects. When t → ∞, the function
F → 0 and the shear stress is at equilibrium. Using Taylor
expansions, it is found that the shear stress at equilibrium is
σxz(x, 0, tequi ) = − 2μd
π(L2 − x2)
(




The equilibrium stress also indicates a high singularity
near the crack-tips. As expected, the influence of the osmotic
prestress is low on the shear stress at equilibrium, but is not
negligible. Furthermore, the osmotic prestress influences the
behavior in time.
3.6 Chemical potential and flow
To find the distribution for the chemical potential and the
flow, it is possible to numerically integrate Eq. (9), but it is
also possible to derive an analytical expression for the chem-
ical potential. The chemical potential does not only satisfy










This equation is found similar to Nur and Booker (1972)
for hydraulic pressure by substituting (9) into (11b) and using
that S is harmonic. Since S is time independent, the right
side of Eq. (28) is zero. Equation (28) is transformed into
polar coordinates about the crack tip. Assuming separation
of variables, we write the solution as a product of a function
depending on the radial coordinate r and a function depend-
ing on the angle θ with the x-axis. The axisymmetric function
is obtained using Hankel transformation (Booker 1974; Nur
and Booker 1972) (Appendix). The result is
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(x − L)2 + z2 −
1







(x − L)2 + z2 −
e−(x+L)2/4cK t
(x + L)2 + z2
]
(29)
From this, we can derive the flow over the crack (n vector
normal to the crack, z = 0):





















and the flow along the crack (t vector in direction of crack-tip
x = +L):
q · t|z=0 = −K ∂μ
f
∂x
(x, 0, t) = 0 (31)
Equation (31) is not a prescribed boundary condition along
the crack. It is the combined result of continuity of μf across
the crack and the symmetry inherent to the problem.
4 Numerical example
For simulations, Finite Element package ABAQUS 6.4-5 has
been used. Lanir’s model is implemented by Wilson et al.
(2005b), but with a Neo-Hookean material law. This law
reduces to the material as used here for small strains. Quadri-
lateral linear elements are used. The mesh is given in Figs. 2
and 3. A crack is created bluntly by tying two meshes together
except for x-displacement across the crack and crack-tips. A
contact condition is imposed between the crack surfaces. The
crack-tips are not restricted in x-direction in order to have a
pure symmetric reaction left and right from the crack-tip.
This also implies that for boundary conditions a pure Heav-
iside function cannot be imposed, but the heaviside func-
tion is approximated by change over a length x , i.e. the
length of the unconstraint interval around the crack-tip. This
way a piece of medium of size 8 mm × 6 mm with a fixed
charge density of cfc0 = 0.2 mmol/ml, a bulk modulus of
κ = 0.5 MPa and a shear modulus of μ = 0.375 MPa is
created. These properties approximate the properties of disk
tissue (Wognum et al. 2006; van Loon et al. 2003). The size
is chosen sufficiently large that boundaries have no effect on
the result using Eq. (29).
All boundaries are restricted in normal behavior, i.e. left
side is restricted in the x-direction, etc,. The result is that
the crack location and length does not change under osmotic













Fig. 2 Mesh creation for 576 elements. Mesh is refined toward the
areas of interest: the crack-tips
Fig. 3 Close up mesh at crack-tip x = −L . Nodes are tied outside
the crack (|x | > 1). Contact is defined on the crack surfaces x < |L|,
z = 0±. The crack-tips x = ±L are free
loading. The medium is in equilibrium with an external salt
concentration. This means that at all boundaries fluid flow is
free and μfin = μfex holds, i.e. the chemical potential of the
fluid in the medium at the boundaries are equal to the exter-
nal chemical potential. To prevent the crack from opening,
the nodes at the crack surface are fixed in z-direction. This
is in agreement with the jump condition [w] = [uz] = 0.
After letting the medium reach equilibrium, an impulsive
shear load is applied on the crack surfaces. A displacement
smaller than the width of one element is imposed on the crack
surfaces, namely a displacement of a magnitude of d/2 for
the upper crack surface in positive x-direction and lower sur-
face in opposite direction.
Similar as in space, it is not possible to impose an impul-
sive loading in time, but it is approximated by changing the
conditions over a time length t . The influence of time step is
studied. After that, the calculations are run until steady state
is reached. Shear stress in the nodes are calculated by aver-
aging over the neighboring integration points. The change in
shear stress is calculated by deducting the initial shear stress
distribution from the state of interest. The effect of spatial dis-
cretization size is studied by considering three meshes from
coarse to fine of mesh size 144 elements, 576 elements and
2304 elements. The parameters are given in Table 1.
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Table 1 Model parameters for
numerical and analytical models R = 8.3145 [N mm/ mmol K] T = 298 [K]
μ = 0.375 [MPa] ν = 0.2 [–]
κ = 0.5 [MPa]
φfi = 0.8 [−] K = 0.28e-3 [mm4/Ns]
cex = 0.15e-3 [mmol/ mm3] cfci = −0.2e-3 [mmoleq/ mm3]

















Nel = 2304, Dx = 0.038
Nel = 2304, Dx = 0.077

















Nel = 2304, Dx = 0.038
Nel = 2304, Dx = 0.077
Nel = 576, Dx = 0.077
a b
Fig. 4 Consolidation for different calculations at x = 1.0769 mm. With refinement, the time-dependent behavior of the analytical solution is better

















Nel = 2304, Dx = 0.038
Nel = 2304, Dx = 0.077

















Nel = 2304, Dx = 0.038
Nel = 2304, Dx = 0.077
Nel = 576, Dx = 0.077
a b
Fig. 5 Shear stress distribution at t = 30.0 s. A high singularity is seen in all cases. The stresses left (a) and right (b) from the crack-tip, are equal
in magnitude. The numerical shear stress converges to the analytical shear stress upon refinement, except in vicinity of the crack-tips x = ± − 1
5 Results
As the result of impulsive loading, the medium reacts as if
incompressible, leading to high shear stress. Then, the fluid
flow starts and relaxation takes place. Consolidation takes
place. This is seen in the Eq. (25), but also Fig. 4.
The dislocation causes compression above the crack and
expansion underneath the crack for x > 0 and viceversa for
x < 0. The normal stresses are antisymmetric with respect
to the z-axis. The shear stress is symmetric with respect to
the z-axis and antisymmetric with respect to the crack-tips
(Fig. 5). The values left and right of the crack-tip are equal
in magnitude (not sign), also for the numerical models. In
the crack-tips, the shear stress undergoes a high singularity
(x = ±1).
The dislocation causes for x > 0 compression above
the crack and expansion underneath the crack. The normal
stresses and the chemical potential are antisymmetric about
the z-axis and x-axis. In Fig. 6a and b, it is seen that at
the crack-tips the compression produces a positive chemical
potential and extension produces a negative chemical poten-
tial. Fluid flow is induced causing relaxation and spreading
of the chemical potential.
Figure 7 shows the analytical flow and numerical approx-
imations in the plane of the crack. The dislocation causes
flow over the crack surface and that increases toward the
crack-tips.
To approximate the impulsive loading of the crack, a steep
change in displacement was applied over a time length of t
and over a length interval 1 ± x . There is no difference in
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Fig. 6 Analytically calculated distribution of chemical potential (in
MPa) at a t = 30.0 s and b at t = 301.1 s. Crack is indicated by
solid line. Fields of high and low chemical potential values are seen
in regions of compression and extension respectively. The chemical





















Fig. 7 The numerically and analytically calculated flow over the crack
surface (in mm/s) at t = 30.0 s. With refinement the numerically cal-

















Nel = 2304, Dx = 0.038
Nel = 2304, Dx = 0.077
Nel = 576, Dx = 0.077
Fig. 8 Consolidation of shear stress at x = 1.0769 mm. Refinement
has a much larger effect than increasing interval length for spatial load-
ing x on the equilibrium stress
result between t = 0.1 s and t = 0.01 s. The influence
of the loading gradient is subsequently considered negligi-
ble for all calculations. Similarly in space, the Heaviside was
approximated by prescribed nodal displacements along the
crack, Fig. 3, up to an interval x around the crack-tip. In
Fig. 8, it is seen that refinement increased the overall accu-
racy and not so much the length of the unconstraint crack-tip
region.
When the time distribution, as in Figs. 4 and 8, is consid-
ered more closely, it is clear that the numerical model has not
reached equilibrium yet. Using that the stress at equilibrium
satisfies Eq. (27), it is found that the analytical also has not
reached equilibrium yet.
The osmotic prestress influences the initial shear stress
as the result of incompressible behavior, but it influences
the time to equilibrium and shear stress at equilibrium too. A
decrease in osmotic pressure causes a decrease in shear stress,
Fig. 9. Numerically this effect is smaller than analytically.
Numerical and analytical chemical potential distributions
yield an overall good match. Analytically, at time 30.0 s max-
imum and minimum chemical potential of ±1.50e-3 MPa
is found while numerically the chemical potential is a
bit higher: ±1.58e-3 MPa for 2304 elements and ±1.61e-
3 MPa for 576 elements. At time 301.1 s these values are
±4.18e-4 MPa for the analytical minima and maxima and
±3.88e-4 MPa for the numerical minima and maxima for
2304 elements and ±4.04e-4 MPa for 576 elements.
6 Discussion
In this research, an analytical solution for cracks in swell-
ing porous media has been derived by considering a dis-
placement driven dislocation. The dislocation is impulsively
induced. The analytical solution has been derived by means
of stress functions and Fourier and Laplace transformations.
The solution is derived with physical units (i.e. not dimen-
sionless) and converges to Booker’s solution when there is
no osmotic swelling. Minor differences between Booker’s
equations and our equations were found. For instance, it
is unclear why Eqs. (19) and (20) and the general solu-
tions are not completely consistent with Booker (1974), in
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an, cex = 0.15e-3
num, cex = 0.15e-3
num, cex = 0.25e-3
an, cex = 0.25e-3
Fig. 9 Shear stress evolution at x = 1.0769 mm with cex in
mmol/ mm3. A decrease in prestress decreases the shear stress ana-
lytically and numerically, but increases the time to equilibrium. The
analytical change in shear stress is larger than the numerical change,
but smaller than the difference between analytical and numerical results
between Eqs. (12) and (13). Again for Eq. 23 there are minor
unexplainable differences between our solutions and Booker
(1974, Eq. (A1)). As none of the discrepancies propagate
through the successive equations, these differences should
probably be explained as typos in Booker’s paper.
In the derivation of the analytical solution, some impor-
tant assumptions were made. A small perturbation is consid-
ered, therefore d 	 L must hold. The perturbation solution
is additive to the initial state by linearization. This means
that the initial state has a low influence. The jump over the
z = 0-plane of the dependent and independent variables are
the boundary conditions over the crack. The displacement
jump in shear direction is given, and other variables are con-
tinuous. This means that the shear stress response below and
above the crack is symmetric about the x = 0 plane. Another
assumption is that far away from the crack the influence of
the displacement at the crack is negligible.
In general, the decoupling method works well and can
be used to consider other problems. The restriction of
this method lies in the boundary conditions. Using these
decoupled equations in Fourier domain, it is not possible
to calculate the shear stress distribution in case of a semi-
infinite crack. A Wiener–Hopf procedure can not be applied
like models decoupled in drained and undrained variables
(Atkinson and Craster 1991). Back transformation by numer-
ical integration cannot be applied either.
The shear stress distribution in plane of the crack and the
distribution in chemical potential have been derived in full
dimensions including the osmotic prestress. From these solu-
tions it is possible to derive a few properties. The shear stress






exponentially (Eq. 25), but the high singularity at the crack-
tips does not vanish. The chemical potential distribution is not
singular, see Eq. (29). In the crack the chemical potential is
zero. In time the chemical potential decreases exponentially,
but also the extremes of the pressure field move away from the
crack-tips in time parallel to the z-axis (the factor e−z2/4cK t ).
The tangential flow along the crack is zero. The normal flow






. The flow is positive for x > 0 (upwards) and
negative for x < 0 (downwards), and zero for x = 0.
The effect of parameters is apparent from Eq. (25). First,
the stress is linearly dependent on the magnitude of the dislo-
cation, but nonlinearly dependent on the length of the crack.
The longer the crack the lower the shear stress produced
by the dislocation, also in equilibrium. In general the term
μK F(x, t) is initially not small, but decreases in time to
μL/c.
Secondly, higher Lamé constants result in increasing shear
stress. The shear stress distribution is initially nonlinear in
the shear modulus but in equilibrium it is linear. A higher
Lamé constant λ results in faster relaxation.
Finally, the response depends on external and internal
ion concentrations. Increasing the external salt concentra-
tion decreases the prestress and decreases the shear stress
response to the dislocation (C1 decreases and therefore
c decreases). The relaxation time is increased. Increasing
the fixed charge concentration has the opposite reaction
(c increases).
The analytical solution points out weaknesses of the
numerical model. The numerical modeling has been
validated by confined and unconfined pressure tests (Wilson
et al. 2005b). From the expression for the chemical potential
Eq. (29), the mesh size was determined such that the chem-
ical potential is zero at the boundaries for the time frame
of interest. The boundary conditions have little influence on
the local shear stress distribution as long as the shear stress
is constant around the area of interest. While the analytical
solution assumes an unrestricted domain, numerically the
domain is restricted. The restriction of the domain does have
an influence on the solution, but comparison with a domain
twice as large showed the influence is negligible. The differ-
ences of the numerical and analytical maxima and minima
in the distribution of the chemical potential are the result of
the use of a coarse mesh away from the area of interest. Fur-
thermore, Fig. 7 shows that the finest mesh can capture the
fluid flow very well.
Keeping the crack-tip node unrestricted has lead to a per-
fectly antisymmetric shear stress just as the analytical results,
i.e. the shear stress left and right from the crack-tips are equal.
Since the influence of time and spatial interval for reaching
maximum values is low (Fig. 8), it is reasonable to use this
unrestricted node. Furthermore, continuity in stresses holds,
the stresses at the lower crack surface are equal to those at
the upper crack surface.
The numerical model approximates the analytical solu-
tion very well, but in the very vicinity of the crack-tips the
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shear stress is underestimated by a factor 2, Fig. 5. The time
dependency of the numerical results matches the analytical
solution very well for the finest mesh except for an offset at
a point ahead of the crack-tip and close to the singularity (4).
It is found that the time behavior is even better at the current
crack surface. Considering the steepness of the spatial curve
close to the singularity (Fig. 5), a slight offset in horizontal
plane would cause a large mismatch in Fig. 4. Therefore, the
offset in Fig. 4 should be interpreted as a minute horizontal
shift of the numerical curves of Fig. 5 toward the singularity.
The importance of a good mesh and crack insertion is fur-
ther emphasized when the effect of the osmotic prestress is
considered, Fig. 9. The offset in the numerical calculations
is larger than the change in shear stress perturbation as result
of the change in osmotic prestress in absolute sense. The off-
set due to the horizontal shift of the numerical curve toward
the singularity dominates other effects. In general, the influ-
ence of osmotic prestress for shearing mode is expected to
be low, but is not negligible, Eq. (27). These effects could be
overlooked if cracks are not treated correctly. A greater influ-
ence of the osmotic prestress is expected when considering
the opening mode (Wognum et al. 2006). The analytical solu-
tion is a benchmark for the performance of numerical models
with singularities and is a step toward arbitrary loading.
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7 Appendix: Derivations for analytical solution
7.1 Derivation of stress functions
The system is given by (32) and corresponds with (6).









μf = 0, (32)
∂e
∂t
− K∇2μf = 0.
in which e = tr( − i ).
7.1.1 Stress function S
First, the stress function S is derived, which is related to
chemical potential. For this purpose, the first equation of (32)
is differentiated with respect to x , the second with respect
to z. The differentiated equations are then summed,
∇2
(
(2μ + λ + RT C1)e − μf − RT C0
)
= 0. (33)
Following McNamee and Gibson (1960), the harmonic func-
tion S(x, z, t) is introduced. If the chemical potential
μf = (2μ + λ + RT C1)e − aμ∂S
∂z
− RT C0. (34)
then Eq. (33) is automatically satisfied if S is harmonic. The
value of the constant a in (34) is chosen in the next steps.
Equations (32) are reduced to
∇2u − ∂
∂x












− K∇2μf = 0.
The displacements are splitted in 3 components:
u = u1 + u2 + u3, (36)
w = w1 + w2 + w3.
u1, w1 are associated with strain e, u2, w2 are associated
with harmonic function S and u3, w3 are harmonic func-


















then the first two equations of (35) are satisfied. If we differ-










The factor a is chosen a = 2. This prevents fractions in
the solution.
7.1.2 Stress function E
The solutions of Eqs. (37), (38) and (39) are given by (41).
From these solutions the stress function E = X + Y is
derived, in which X is an arbitrary differentiable function
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complying with e = ∇2 X and Y is a harmonic function. The
remaining equations are found through solving the PDEs. For
instance, the solutions u2 and w2, related to harmonic func-
tion S, both follow the general solution (constant solution
not taken into account)



















These terms are the result of the fact that ∇2S = 0 holds.
They are present in the general solutions for u1, u3, w1 and
w3 as well. Furthermore, a4 = −c2/2 has to hold foru2 and
b6 = −a/2 for w2 to satisfy the second equations of (37)
and (38). That is why a = 2 was chosen. Equation (39)
require a1 = −b1, a4 = −b3, a3 = 0, b4 = a/2. The solu-
tions are
e = ∇2 X, ∇2Y = 0,
u1 = ∂ X
∂x
, u2 = −z ∂S∂x , u3 = + ∂Y∂x ,
w1 = ∂ X
∂z
, w2 = S − z ∂S∂z , w3 = + ∂Y∂z .
(41)











μf = c∇2 E − 2μ∂S
∂z
,






























These are used to derive the boundary conditions.
7.3 Jump condition mode II
Shear faulting is considered. For shear faulting the displace-
ment jump between z = 0− and z = 0+ is given by
[u] = f (x)H(t). (44)
with f (x) the slip function, and H(t) the Heaviside func-
tion. There is no jump in normal displacement and therefore[
wˆ
] = 0 holds at z = 0. The slip function has Fourier trans-
form f˜ (k). Then, taking Fourier and Laplace transformation
gives at z = 0:
[
uˆ



















Other jump conditions at z = 0 is continuity of pore pres-
































































Equations (45)–(49) form six equations with seven
unknowns. They reduce to jump conditions for the stress
functions and their derivatives and for the transformed equa-
tion (65).


























Inserting the jump conditions (50) and (52) in Eq. (47)
gives the jump condition for second-order derivative of
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f˜ (k)(1 − 2μ/c). (54)
The last jump condition is derived by inserting the jump












7.4 Fourier and Laplace transformations
Integral forms are used to handle discontinuities in space
and time. Another advantage is that integration and differ-
entiation become multiplication and division. We define the
next Fourier and Laplace transformations of the decoupling
functions E and S.
E˜(k, z, t) =
∞∫
−∞
E(x, z, t)e−ikx dx
Eˆ(k, z, s) =
∞∫
0
E˜(k, z, t)e−st dt
(56)
S˜(k, z, t) =
∞∫
−∞
S(x, z, t)e−ikx dx
Sˆ(k, z, s) =
∞∫
0




























































































E˜ − 2μ∂ S˜
∂z
− RT C02πδ(k).
























































e−st dE˜ = +s Eˆ . (62)
The Laplace transformed equations for displacements
(59), stress components (60) and governing equations (61)
are (63) to (65).
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uˆ = ik
(



















Eˆ − 2μ ∂
∂z

























































Because the impact of the crack fades away far from the
crack, the solution has to approach zero for z → ±∞. The
domain is divided into an upper half plane and a lower half
plane, because there is a sign dependence.
7.6.1 Solution of Sˆ
First, the solution of the harmonic equation (65a) is derived.



















The general solution of this Laplace equation is given by
Sˆ(k, z, s) = a1e−kz + a2e+kz . (67)
For z > 0 the solution is given by Sˆ+ = a+e−|k|z and
for z < 0 the solution is given by Sˆ− = a−e+|k|z . As jump
conditions, the jump over the displacement is given for the
stress function S and its derivative.




− limz↑0 ∂ Sˆ−
∂z
= −|k|(a+ + a−) = ik
s
f˜ (k).
With sign(k) = k/|k| the next holds
a+ = a− = −isign(k)2s f˜ (k). (69)
In conclusion, the solution of (66) is given by








= k2a+ − k2a− = 0.
7.6.2 Solution of Eˆ
The mass equation is solved similarly to the harmonic stress












































(γ ) > 0.The solution is again divided into one for the
upper half plane and one for the lower half plane.
Eˆ(k, z, s) = a+e−kz + a−e+kz + b+e−γ z + b−eγ z . (72)
Again the jump conditions are used to determine these
coefficients. a+ = −a− and b+ = −b− hold. Then, the
solution of (72) is given by (73)











b+ = ikμ f˜ (k)K
s2
Then, in total, the solution is given by



















We introduce the Fourier transformed function g˜(k) such
that
g˜(k) = ikμ f˜ (k)K (76)
Solution rewritten becomes then
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7.7 Inverse Laplace
7.7.1 Inverse stress function Sˆ
When the solution of transformed equations are considered,
several terms dependent on time are present. For the stress
function Sˆ, the inverse Laplace is rather simple to derive.







The inverse Laplace of (70) for the stress function Sˆ is
S˜(k, z, t) = − isign(k)
2
f˜ (k)e−|k||z|H(t). (79)
7.7.2 Inverse stress function Eˆ
The inverse Laplace of stress function Eˆ is more difficult. It














For deriving the inverse of the complex term, the shift the-
orem is needed and the convolution theorem. The next steps
are followed































4ckt −k2cK t .
(82)
3. Convolution theorem L−1 (FG) = f ∗ g = ∫ g(t − τ)




















4ckτ −k2cK τ dτ. (83)
The integration in Eq. (83) is solved by substitution of
x2 = τ (2xdx = dτ ) and substitution of b = z24cK , a =
k2cK :

















































−ax2 dx . (84)
This last integral can be solved by using the formula 7.4.33
of Abramowitz and Stegun (1970). The solution is a combi-




























aber f (√ax + √b/x)
+e−2
√
















ab(−1 + er f (√at
+√b/t)) + e−2
√













aber f c(√at + √b/t)
−e−2
√
ab(2 − er f c(√at − √b/t))
)
(86)
Considering that ∂er f c(x)
∂x
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at+√b/t)2 = e−(at+b/t). (89)
Then differentiating with respect to b in Eq. (86), we find
for the inverse Laplace of the exponent through convolution
theory (Eq. (83)) and with b = z24cK and a = k2cK .














e−|k||z|er f c(|k|√cK t − |z|/√4cK t).
(90)





= E˜(k, z, t)
= sign(z)
{[












with g˜(k) = ikμ f˜ (k)K . This expression for the stress func-
tion is reduced to




















































7.7.3 Derivatives of inverse stress functions
A short notation is introduced:
er f c(|k|√cK t − |z|/√4cK t) = er f c(−),
er f c(|k|√cK t + |z|/√4cK t) = er f c(+).





















The first-order derivatives with respect to z of the stress
functions are given below.
∂ E˜
∂z
(k, z, t) =
{[
i |k| f˜ (k)
2k








+ |z||k| + 1
4|k|cK
)





− |z||k| − 1
4|k|cK
)
e−|k||z|er f c (−)



















k2t + |z||k| + 1
2cK
)
e|k||z|er f c (+)
+|k|cK
(
k2t − |z||k| − 1
2cK
)











(k, z, t) = iksign (z)
2
f˜ (k) e−|k||z|H (t) . (94)
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The second-order derivatives with respect to z are
∂2 E˜
∂z2

































+ |z||k| − 2
]
e−|k||z|H(t)













(k, z, t) = − ik|k|
2
f˜ (k)e−|k||z|H(t). (95)
They indeed fulfill the jump conditions.
7.7.4 Other inverse Laplace











−(|k| − |z|k2) f˜ (k)
2




















































The chemical potential is calculated as















e|k||z|er f c(+) + e−|k||z|er f c(−)
)
−ikμ f˜ (k)e−|k||z| − RT C02πδ(k),
= iμk f˜ (k)sign(z)
2
{
e|k||z|er f c(+) − e−|k||z|er f c(−)
}
−RT C02πδ(k) (97)
7.8 Inverse Fourier transform
The shear fault is caused by a dislocation. Then, the slip
function becomes:
f (x) = d(H(L + x) − H(L − x)). (98)




de−ikx dx = 2dsin(Lk)
k
. (99)





= −μK ∂ f (x)
∂x
= −μdK (δ(L + x) − δ(L − x)) (100)
The solution at the crack surface is considered, namely at












i tk|k| + ik
2|k|cK
)






























Abramowitz and Stegun (1970, paragraph 7.2) deals
with repeated integrals of the complementary error function
iner f c(λ):
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iner f c(λ) =
∞∫
λ
in−1er f c(l)dl. (102)
with













i0er f c(λ) = er f c(λ),
i−1er f c(λ) = 2√
π
e−λ2 .
We can derive that













With λ = √k2cK t and a factor 2ik
cK |k| we have found for
(101)















For calculating the inverse Fourier, the first and second
terms are calculated separately. Since f˜ (k) is symmetric and
|k| is symmetric, the first term is symmetric. For the inverse
Fourier transformation this means that only the real part, i.e.
























(L2 − x2) . (106)
The error function i2er f c(
√
k2cK t) is symmetric in k.
This means that the second part of the shear stress is sym-
metric in k too. The real part of eikx only contributes. This
way the inverse Fourier reduces to
F−1
(





















I nti2er f c. (107)






cos(kx)dk is introduced. By partial integration we find that
the next integral can be derived. The property limx→∞in
er f c(x) = 0 is used.




































































I nti2er f c,
− L
x2
i2er f c(0) + L
2
x2






















+Li2er f c(0) + cK t I nter f c
−2L√cK t I nti1er f c
}
. (108)



































































































The integral left is similar to I nter f c, but with x and L the
other way around. We denote































































e−k2cK t cos(kL)cos(kx)dk + L
2
x2
I nter f c






























































e−k2cK t+i(L+x)k + e−k2cK t−i(L+x)k
}
dk





e−k2cK t+i(L−x)k + e−k2cK t−i(L−x)k
}
dk,
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I nter f c
= Ler f c(0)

























(L2 − x2)2 er f c(0) −
1
2(L + x)2 e
− (L+x)24cK t
− 1




All the separate integrals have been determined and we
find for I nti2er f c the next solution.




Li2er f c(0) + cK t I nter f c












2(L + x)2 e
− (L+x)24cK t
+ (L + x)




Furthermore, for the repetitive error function holds:
iner f c(∞) = 0
iner f c(0) = [2n(n/2 + 1)]−1 (114)
(n) = (n − 1)!, n ∈ N+.
The next holds:
(L + x)
2(L − x)2 +
(L − x)
2(L + x)2 =
3Lx2 + L3
(L2 − x2)2 (115)
We have found for I nti2er f c















+ (L + x)
2(L − x)2
(





Then, the shear stress is given by Eq. (105)












































σxz(x, 0, t) = −2μH(t)d
π(L2 − x2) {L − μK F(x, t).} (118)
with
F(x, t) = 2t (L − x)
(L + x)2
(




+ (L + x)
(L − x)2
(





7.9 Chemical potential and flow
The chemical potential does not only satisfies Eq. (9), but
it also satisfies Eq. (28), with S time independent. Assum-
ing separation of polar variables r and θ about the crack tip,
we solve the r -dependent part of the solution using Hankel
transformation (Booker 1974; Nur and Booker 1972). The
result is that the chemical potential follows




with local polar coordinate r defined as the radius at one of
the two crack-tips and θ the angle with x-axis. The parameter








(x − L)2 + z2 −
L2










(x − L)2 + z2 −
L2e−(x+L)2/4cK t
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(x − L)2 + z2 −
1







(x − L)2 + z2 −
e−(x+L)2/4cK t
(x + L)2 + z2
]
(122)
From this, we can derive the flow over the crack (n vector
normal to the crack):







(x − L)2 + z2 −
1







((x − L)2 + z2)2 −
1
((x + L)2 + z2)2
]






(x − L)2 + z2
− e
−(x+L)2/4cK t








((x − L)2 + z2)2
− e
−(x+L)2/4cK t
((x + L)2 + z2)2
]
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and the flow along the crack (t vector in direction of crack-tip
x = +L):





[ −2(x − L)
(x − L)2 + z2
− −2(x + L)



















−2(x − L)e−(x−L)2/4cK t
((x − L)2 + z2)2
− −2(x + L)e
−(x+L)2/4cK t
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